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result, both the LP- and the IP-compressor stage groups revealed
high-frequency, short-duration mass � ow � uctuations with large
amplitudes and alternativelypositive and negative values. The HP-
compressor stage group exhibited only positive mass � ow � uctua-
tions. These � uctuations were apparently propagated downstream
and did not originate from the HP part. Introducing the stator blade
stagger angle adjustment brought substantial change in operational
behavior.AdjustingtheLP- and IP-compressorstaggerangle caused
a signi� cant shift in surge limit and established a fully stable oper-
ation regime for all three compressor parts.
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Introduction

S UPPOSE we want to change the direction of the thrust of the
jet engines of a hypothetical stationary multiengined vertical

takeoff and landing (VTOL) aircraft from horizontal to vertical.
One approach might be to tilt each engine 90 deg. Another might
be to tilt the exhaust nozzles only. A third and possibly simpler
approach might be, if feasible, to guide the horizontal � ow, issuing
from each nozzle, through a right angle turn by having it follow
along a two-dimensional curved barrier. This latter, novel concept
is the subject of the present aerodynamic design study.

To obtain two-dimensional � ow, we shall assume that the cross
section of the exhaust nozzle, instead of being circular, is square,
and that the jet is constrainedto � ow along a curved barrier between
two verticalwalls (endplates)attachedto the sidesof the barrier.The
� ow model assumed and the coordinate system used are shown in
Fig. 1a.

The barrier blocks the horizontal � ow and turns the � ow down-
ward through a right angle. We shall assume the barrier to con-
sist of a curved constant-velocity(streamline) section, conjoined to
two straight sections, one of which is attached to the nozzle. The
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straight sections serve to guide the decelerating � ow to—and the
accelerating � ow from—the curved section. Two free streamlines,
extending to in� nity downstream, complete the description of the
thrust adapter.

Hence, we shall be dealing with a two-dimensional gas � ow in
which the bounding walls are either straight or have constant veloc-
ity.Textbooksoncompressible� uid � ow(see for instanceRefs. 1–4)
show that the solution to this type of con� guration can be obtained
by modifying the solution to its incompressible � ow counterpart,
provided the Chaplygin–Karman–Tsien tangent-gasapproximation
is substituted for the isentropic relations. In the counterpart (re-
lated) � ow the lengths of—and the velocity magnitudesalong—the
boundariesare different from those in the compressible� ow, but the
velocity inclinationanglesare identical at correspondingpoints. We
shall, therefore, � rst obtain the solution to the incompressible � ow
problem. Next, this solution will be modi� ed for compressibility.

No new theories or methods will be introduced. Textbook aero-
dynamic theory will be employed to calculate the shape of a sample
unique barrier and the pressure coef� cients along the boundaries.

Several authors have studied other two-dimensional con� gura-
tions having boundaries consistingof combinationsof straight lines
and free streamlines. Some of these are discussed in Ref. 4.

Incompressible Flow Solution
The problem will be formulated as a boundary-value prob-

lem and will be solved through use of a conformal mapping
scheme. Consider then the incompressible � ow within the bound-
aries ABB0CDEA0 in Fig. 1a. One � ow property must be speci� ed
along each boundary.

The pressure is constant along the two free streamlines AB and
EA0. The velocity magnitude q therefore has some constant value
here, say U0. Across the nozzle exhaust BB0 and along the straight
section B0C, the inclination angle µ of the velocity vector is zero.
Along the curved section C D, the velocity magnitude will be as-
sumed constant, say U1 . The angle of the straight section DE will
also be assumed given, say µ1. Note that this angle is negative in
the chosen coordinate system. We shall also specify a point value
U2 of the velocitymagnitudeat B0. Thus, after nondimensionalizing
the given velocity magnitudes, we end up with three input param-
eters for the related incompressible � ow, namely, U1=U0, U2=U0,
and µ1.

As just mentioned, the jet issues normal to the nozzle exhaust
plane. Therefore, the velocity potential ’ is constant along this

Fig. 1 Adapter, side view—� ow model and coordinate system; and
shape (to scale) of barrier and free streamlines for M0 = 0.95,
U¤

1 /U¤
0 = 0.25, U¤

2 /U¤
0 = 0.92, and µ1 = ¡¡105 deg.
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Fig. 2 Conformal mapping planes.

boundary.Because a potential is only determined up to an arbitrary
constant, we might as well select ’ to be zero along BB0.

The stream function Ã has arbitrarily been assigned the value
zero along the free streamlineAB and the constantvaluea along the
boundaryB0CDEA0. Let us now de� ne t0 to be the (so far unknown)
asymptotic width of the jet. Then the volume � ow a D U0t0.

With the boundary conditions thus clearly de� ned, we can pro-
ceed with a simple conformal mapping scheme involving three
planes(Fig. 2). First, the complexpotentialW plane(W D ’ C iÃ ) is
mappedonto theupperhalf-planeof an auxiliary& plane throughthe
Schwarz– Christoffel transformation shown in the � gure. Expres-
sions for calculatingthe mapping constantsr and n will be obtained
later. Next, the hodograph plane, de� ned by Q D .U0=q/ C iµ , is
mapped on to the same upper half plane. Here (q; µ ) is the velocity
vector in polar coordinates at any point in the � ow� eld. This is ac-
complished by mapping the four corners of the rectangle in Fig. 2
on to the four points 0, m, 1, and 1=n on the real axis of the & plane
by the Schwarz–Christoffel transformation shown, which was ob-
tained from the integration tables of Ref. 5. Here, F.8; k/ is the
incomplete elliptic integral of the � rst kind with amplitude 8 and
modulus k, where 0 · k · 1. Consideration of the boundary points
C and D in the & plane yielded the integration constant

R D .U1=U0/=K .k0/ D µ1=K .k/ (1)

where K .k/ is the complete elliptic integral of the � rst kind with
modulus k (k02 D 1 ¡ k2 ). The value of k is now determinedbecause
both U1=U0 and µ1 are given parameters. Reference 5 shows that

.1 ¡ m/=.1 ¡ mn/ D k2 (2)

Also according to Ref. 5, the velocity magnitudes and inclination
angles along the four boundaries can be expressed as follows (the
two free streamlines are considered a single boundary):

1) Across BB0 and along B0C:

q=U0 D expf[1 ¡ F.8; k 0/=K .k 0/] .U1=U0/g (3)

where

8 D sin¡1

s
1 ¡ mn

1 ¡ n

³
³ ¡ 1

³ ¡ m

´
and 1=r · ³ · 1=n

or 1 · ³ · 1=r

2) Along CD:

µ D µ1[1 ¡ F.8; k/=K .k/] (4)

where

8 D sin¡1

r
1 ¡ m

.1 ¡ m/³
and m · ³ · 1

3) Along DE:

q=U0 D .U1=U0/F.8;k0/=K .k0/ (5)

where

8 D sin¡1

r
.1 ¡ mn/³

m.1 ¡ n³ /
and 0 · ³ · m

4) Along AB and EA0:

µ D µ1 F.8; k/=K .k/ (6)

where

8 D sin¡1

r
1 ¡ n³

1 ¡ ³
and ¡1 · ³ · 0

or 1=n · ³ · C1

Together, the expression for ³ (see Fig. 2) and Eqs. (3–6) consti-
tute, for our purposes, the complete solution of the incompressible
� ow problem and yield (q=U0 , µ ) as functionsof (’=a, Ã=a). These
functionalrelationsare neededto calculatethe x¤ and y¤ coordinates
of the compressible � ow, as will be shown later. The superscript ¤
will be used consistently to denote compressible � ow parameters.

The mapping constants n; m, and r can be determined, respec-
tively, from Eq. (6) when ³ D 1; from Eq. (2); and from Eq. (3)
when q D U2.

Compressible Flow

For completeness of presentation, the basic equations of com-
pressible � ow, as originallydevelopedby Chaplygin and later mod-
i� ed by Karman and Tsien (see Refs. 1– 4) are stated next. Every
one of these relations was used in obtaining the numerical results
reported in the next section.

q¤
¯

U ¤
0 D .1 ¡ ¸/.q=U0/

¯£
1 ¡ ¸.q=U0/2

¤
D velocity magnitude

(7)

¸ D M2
0

¯£
1 C

p
1 ¡ M2

0

¤2 D Mach-number correction factor (8)

M D M0

¡
q¤

¯
U ¤

0

¢¯q
1 ¡ M2

0

£
1 ¡

¡
q¤

¯
U ¤

0

¢2¤

D local Mach number (9)

C¤
p D C p

¯£p
1 ¡ M2

0 C M2
0 C p

¯
2
¡
1 C

p
1 ¡ M2

0

¢¤

D pressure coef� cient (10)

dx¤ D
1 ¡ ¸.q=U0/2

q
cos µ d’ ¡

1 C ¸.q=U0/2

q
sin µ dÃ

(11)

dy¤ D 1 ¡ ¸.q=U0/2

q
sin µ d’ C 1 C ¸.q=U0/2

q
cos µ dÃ

D coordinate correction formulas (12)
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In textbooks the last two equations are always found combined
as a single equation in complex variable form. These equationswill
now be nondimensionalizedby dividing through by the asymptotic
jet width t0.D a=U0/ to yield

dx¤

t0
D

1 ¡ ¸.q=U0/
2

q=U0
cos µ d

³
’

a

´
¡

1 C ¸.q=U0/2

q=U0
sin µ d

³
Ã

a

´

(13)

dy¤

t0
D 1 ¡ ¸.q=U0/

2

q=U0
sin µ d

³
’

a

´
C 1 C ¸.q=U0/

2

q=U0
cos µ d

³
Ã

a

´

(14)

A step-by-step integration of these equations gives the coordinates
of any point on the boundaries of the � ow. As mentioned in Ref. 1,
any value of t0 can be selected,because changing it only amounts to
changing the scale of the coordinates of the compressible � ow and
therefore has no effect on the overall solution. We shall choose the
value of t0 so as to make the vertical height at the nozzle exhaust
plane (i.e., y¤ at B 0) equal to unity.

By equating the volume � ow across the nozzle exhaust plane to
the volume � ow at in� nity downstream, the asymptoticwidth of the
jet can be obtained,again through a step-by-stepintegration,that is,

t¤
0 D

Z 1

0

q¤

U ¤
0

dy¤ (15)

This value of t¤
0 is signi� cant because it is a measure of the ratio

of the vertical thrust to the original horizontal thrust. It is clear that
t¤
0 will always be less than or equal to unity. The thrust decrease is

a result of the upstream effect of the presence of the barrier on the
exhaust � ow across the nozzle. The thrust decrease can, of course,
be reduced by choosing the input parameter U ¤

2 =U ¤
0 to be closer to

unity. This will, however, increase the overall length of the adapter.

Calculated Results
The following set of inputs was chosen more or less arbitrarily

for a numerical calculation:

M0 D 0:95; U ¤
1

¯
U ¤

0 D 0:25

U ¤
2

¯
U ¤

0 D 0:92; µ1 D ¡105 deg

Using Eq. (7), the chosen velocity ratios were converted to
U1=U0 D 0:47, U2=U0 D 0:97 for the counterpart incompressible
� ow. With these inputs it was found that k D sin 85 deg; n D 0:997,
4834; m D 0:7525; and r D 0:997, 4919. Extreme accuracy was re-
quired to determine n and r . Equations (3–6) then gave q=U0 and µ
as functionsof’=a andÃ=a. Substitutioninto Eqs. (13) and (14) and
integrationdetermined the barrier shape and dimensions and the lo-
cation of the free streamlines.The resultsare shown in Fig. 1, which
serves a dual role as the � ow model for the related incompressible
� ow and as the calculated shape, to scale, of the compressible � ow
con� guration. The curved section of the barrier is seen to resemble
a distorted quarter circle with a radius somewhat larger than unity.
The lengths of the straight sections B0C and DE were found to be,
respectively,1.09 and 0.29,with unitybeing the heightof the nozzle
exit plane.

The two free streamlines become essentially parallel one unit
length below the origin. The endplates, therefore, need not extend
vertically below this value. The maximum horizontal dimension
of the barrier is about two nozzle exhaust heights. Thus it can be
concluded that the endplate areas can be limited to about 2 £ 2,
indicating a small compact adapter.

The variation of the pressure coef� cients along the boundaries
was obtained from Eq. (10) and is graphed in Fig. 3. The local
Mach number along the curved portion of the barrier was found to
be 0.61, as shown in the � gure.

Fig. 3 Pressure distribution along barrier. M0 = 0.95.

Performance of the indicated integration of Eq. (15) step by step
yielded t¤

0 D 0:95,which is in accordancewith thealreadycalculated
asymptotic width of the jet (see Fig. 1). Hence, the presence of this
adapter results in a 5% decrease in thrust.

Conclusions
The numerical results of the present aerodynamic design study

indicate that development of a small compact adapter that alters
the thrust direction of a static jet engine from horizontal to vertical
might be possible.

The study is based upon an assumed � ow model. The actual � ow
might not behave in the assumed manner. It is probable that some
kind of corner guide vanes might have to be introduced to suppress
� ow separation and vortex formation. Experimental tests will be
required for further progress.

The mathematical solution is “exact” insofar as no simplifying
assumptions of any kind have been made in solving the governing
� uid dynamic equations. By using the tangent-gas approximation,
the results are strictly valid only for a � ctitiousgas, that is, a gas that
is slightly different from a true isentropic gas. The error introduced
increasesas the localMachnumberdecreasesfromthehighendpoint
M0 of tangency.
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